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Theoretical analysis of the scattering efficiency of an equidistantly spaced regular array of spherical silver
nanoparticles reveals a nonmonotonic shift of the collective SPR wavelength and its bandwidth depending on
the distance between the particles and the angle of the incidence of the linear polarized electromagnetic
wave. The far-field electromagnetic coupling between the particles in the chain exhibits the largest range of
angular tuning of the collective SPR band when the distance between the particles in the chain approaches
that of the collective SPR wavelength. The dependence of the SPR wavelength and its bandwidth on the
angle of the incidence of the linear polarized electromagnetic wave and the distance between the particles in
the chain provides an additional flexibility for the development of optical biochemical sensors and
subwavelength waveguides.

1. Introduction

Collective coherent electronic excitations in noble metal
nanostructures known as surface plasmon resonance1,2 (SPR)
have recently shaped a new field of research called plasmonics.3-5

A lot of experimental and theoretical efforts have been devoted
to plasmonic nanostructures3,6-8 due to their unique optical and
electronic properties, which can be used in such diverse
applications as surface enhanced spectroscopy,9,10 e.g., surface
enhanced Raman spectroscopy11-15 (SERS), surface enhanced
fluorescence,16 surface enhanced near-infrared (NIR) spectros-
copy,10 novel ultrasensitive optical biochemical sensors,17-20

optical waveguides,20-22 plasmon-emitting diodes,23 and plas-
monic transistors, to name just a few. Metal nanoshells have
been studied for biochemical and medical applications, such as
cancer treatment.24

Electromagnetic coupling between metal nanoparticles is of
much interest for the development of optical subwavelength
waveguides.6,25-31 Light channeling along coupled nanoparticle
waveguides would allow one to integrate optical and electronic
circuits on the nanoscale.32 Direct experimental observation of
the near-field coupling and transfer of electromagnetic energy
between closely spaced nanoparticles and nanorods conceptually
proved this idea.33,34 In a recent experiment, gold nanoparticle
chains were fabricated using electron-beam lithography (EBL)
following chemical etching and a lift-off process.35 Nanoparticles
were cylindrical in shape, with 9 nm height and around 90 nm
diameter. The near field optical patterns were collected using
photon scanning tunneling microscope (PSTM) in the scattering
mode. The far-field radiative coupling between the particles in
the chain was studied for the distances between the particles
large compared to their size. The samples were optically excited
by the near field in the total internal reflection mode.35 The
nonuniform shift of the SPR collective mode was observed in
the system of coupled nanoparticles and the transfer of
electromagnetic energy along the chain was confirmed. Optical
coupling between noble metal nanoparticles can be employed
for the development of biochemical sensors.20,36-41 Tuning the

collective SPR mode in such structures can be achieved by
varying the distance between the particles.37,42-46 The coupling
between molecular resonance of target molecules and the SPR
collective mode can then be used for the development of
ultrasensitive optical biochemical sensors.17,18,44 Propagating
surface plasmon polariton modes at the metal-dielectric
interface is an alternative approach to the development of
biochemical sensors.47 Target molecules functionalized on the
metal-dielectric interface change the local index of refraction,
which leads to the shift of the minimum in the reflected light
beam caused by the resonant excitation of the propagating SPR
mode.48 This principle can be extended to the wavelength and
angle dependent SPR spectroscopy and ultimately be used in
multicolor SPR optical spectroscopy with enhanced sensitivity.47

Local field enhancement and tuning of the collective SPR in
a chain of gold nanoparticles was also studied theoretically with
the assumption of an evanescent excitation through total internal
reflection.49 The SPR wavelength and width of the collective
SPR mode was shown to be dependent on the excitation
conditions such as the polarization of the incident light,
interparticle distance and the angle of the incidence of the
excitation electromagnetic wave. A string-type collective SPR
mode was suggested as a possible coupling mechanism, which
generates large electromagnetic field enhancement close to the
particles constituting the chain.49

In a recent paper, we studied a chain of spherical silver
nanoparticles embedded in a glass host medium.50 The collective
SPR mode of the chain was shown to strongly depend on the
distance between the particles.50 When the distance between the
particles in the array approaches to that of the wavelength of
the collective SPR mode of the chain, the SPR scattering
efficiency is enhanced and the bandwidth narrowes.50

Most of the theoretical and experimental efforts so far have
been focused on the near- and far-field electromagnetic coupling
between nanoparticles as a function of the distance between
the particles.35,37,42,43,50,51 The near-field coupling between closely
spaced nanoparticles leads to a strong shift of the coupled SPR
band52,53 and to additional quadrupolar and higher-order mul-
tipoles peaks54 in the extinction spectra.55 The shift of the† Part of the “George C. Schatz Festschrift”.
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collective SPR band depends on the polarization of the incident
light.50,55 When nanoparticles overlap and form elongated
structures, their optical response is influenced by the conductive
coupled regime and resembles those of spheroidal particles.56

However, the dependence of the collective SPR band in a chain
of spherical nanoparticles on the angle of the incidence of
electromagnetic wave and simultaneously on distance between
the particles has not been addressed. Such study would be of
interest for the development of optical waveguides and bio-
chemical sensors. Tuning the SPR band by changing the angle
of the incidence of the excitation light and the distance between
the particles would add an additional degree of freedom and
flexibility to the development of plasmonic biochemical sensors
and optical waveguides.

In this paper, we address theoretically the coupling of the
collective SPR mode depending on the angle of the incidence
of the incoming light and the distance between the particles in
the chain. We use the generalized Mie theory to examine the
behavior of the collective SPR band in a system of spherical
nanoparticles equidistantly arranged in the chain as a function
of the distance between the particles in the chain and the angle
of the incidence of an electromagnetic wave. The theory proved
to be one of the most rigorous theoretical methods for describing
optical response of coupled nanoparticles.

In section 2, we outline the generalized Mie theory of
scattering of electromagnetic waves by an arbitrary system of
spherical nanoparticles. In section 3, we describe the numerical
results of the collective SPR mode in a system of optically
coupled nanoparticles and the influence of the distance between
the particles and the angle of the incidence of the incoming
light, following the discussion and conclusions.

2. Generalized Mie Theory

The theory of light scattering by a spherical particle was
developed by Gustav Mie and independently by Peter Debye a
hundred years ago.2 Commonly known as the Mie theory, it is
based on the expansion of the incident, internal, and scattered
electromagnetic waves into vector spherical harmonics and the
standard boundary conditions to match the fields at the interface
between the sphere and embedding host medium.2 The theory
has been successfully used for calculations of the optical
response of a single sphere and collections of noninteracting
spherical particles.1,2 An extended Mie theory exists for some
other regular shapes of nanoparticles, such as ellipsoids and
cylinders, for which there are available analytical expressions
for the expansion of the electromagnetic fields into correspond-
ing vector harmonics.1,2 The grid methods, such as discrete
dipole approximation (DDA)57 or finite-difference time-domain
(FDTD),58,59 have been developed for nonspherical nanopar-
ticles, including cubes, triangles, and hexagons. The T-matrix
method is an alternative exact theory for calculation of the
extinction of light by coupled nanoparticles.60-62 The T-matrix
and the generalized Mie theory are equivalent theoretical
methods for regular particles, e.g., spheres or ellipsoids, but the
advantage of the T-matrix is that it can also be used for irregular
nanoparticles such as cubes, triangles, etc.61 Because our
problem includes arrays of regular spherical nanoparticles, we
will use the generalized Mie theory.63

Scattering of light by a system of closely spaced nanoparticles
leads to electromagnetic coupling between the particles, which
can significantly modify the extinction spectra of the system.
The theory of light scattering by a system of electromagnetically
coupled spheres was developed by Gerardy and Ausloos,63,64

who applied the approach of the generic Mie theory to take

into account the scattered electromagnetic field from neighbor
nanoparticles. The theory takes into account both retardation
and multipole effects.

In this section, we briefly outline the theory and give an
expression for the scattering cross section of a system of
spherical nanoparticles,63,64 which is used in the next section to
calculate the scattering by a chain of spherical silver nanopar-
ticles. The expansion of the incident E0, scattered Es ) Σi)1

Ns Es
i

and internal E1 electromagnetic fields into vector spherical
harmonics are given by65

where the vector spherical harmonics are given by66 Mnm
(j) ) ∇

× runm
(j) and Nnm

(j) ) (1/k)∇ × Mnm
(j) . The scalar spherical harmonics

unm
(j) are related to the spherical Bessel functions of the first,

jn, and second kind,67 hn ) jn + iyn through unm
(1) ) jn(r)

pn
m(cos θ)eimφ and unm

(3) ) hn(r) pn
m(cos θ)eimφ, where Pn

m(cos θ)
stands for the associated Legendre functions. The superscripts
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conditions at the surface of a chosen nanoparticle: (E0 + Es -
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by using the addition theorem for the vector spherical harmonics,
which transforms the expansion series of the vector spherical
harmonics around each NP of the cluster to the chosen NP and,
thus, allows one to match the boundary conditions in the same,
spherical coordinate system.65 After matching the standard
boundary conditions, the coefficients of expansion anm
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can be found from a linear set of coupled equations
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where mi is the refractive index of the metal NP relative to the
refractive index of the host medium, mh, xi ) kRi is a
dimensionless parameter, Ri is the radius of NPs, k ) 2π/λ,
where λ is the wavelength, and ψ, ψ′ and �, �′ are respectively
the Riccati-Bessel functions and their derivatives. The extinc-
tion cross section of a system of nanoparticles arbitrarily
arranged in space is given by

where N is the number of the nanoparticles in the system. The
scattering efficiency is given by

The absorption efficiency can be calculated as using the
scattering and extinction efficiencies Qext ) Qabs + Qscat.

3. Numerical Results and Discussion

In this section, we use the aforementioned theory to examine
the behavior of the collective SPR in a chain of metal spherical
nanoparticles as a function of the distance between the particles
and the angle of the incidence of the linear polarized electro-
magnetic wave. As a model system, we consider N ) 10
spherical silver nanoparticles of same radius R ) 25 nm
equidistantly arranged in a chain with the distance between the
centers of the particles d; see Figure 1. The choice of the
geometry (the size and spacing between the particles) is dictated
by the current state-of-the-art development of electron-beam and
ion-beam lithographic techniques. The size of the particles was
chosen to enable effective coupling between the particles
through the scattering of the incident electromagnetic wave. The
nanoparticles are embedded in an isotropic transparent host
medium with a refractive index n ) 1.51 (glass). We change
the angle of the incidence of the linear polarized electromagnetic
wave in small increments (∆θ ) 10°) from the normal θ ) 0°
and up to the grazing incidence angle θ ) 90°. The incident
electromagnetic wave is linear polarized either in the plane of
the incidence (p polarization) or perpendicular to this plane
(s polarization), as depicted in Figure 1. The frequency
dependent complex dielectric permittivity for silver was taken
from the literature.68 We calculated the scattering efficiency
(normalized scattering cross section) of the chain as a function
of the angle of the incidence θ and the wavelength of the
incoming light λ. Specifically, we are interested in the far-field
radiative electromagnetic coupling between the particles in the
chain. Our calculations indicate that the scattering efficiency
spectra are not affected when the multipolar order increases
higher than l ) 3, so we restrict our analysis to this multipolar
order. Scattering of the incoming electromagnetic wave leads

to electromagnetic coupling between the particles in the chain
and causes the excitation of a collective SPR mode of the chain,
whose wavelength and bandwidth depends on the distance
between the particles. The near field coupling prevails the
scattering spectra when the distance between the particles in
the chain varies in the range 2-4 radii of the particles (50-200
nm in our case);50 therefore, we begin our calculations with the
distance between the particles (d ) 200 nm), where the far-
field radiative coupling prevails the scattering spectra. The far-
field radiative coupling between regular spaced two-dimensional
nanoparticle arrays69 and one-dimensional chains70 leads to a
significant shift of the collective SPR band and its broadening.
In addition, strong local electric field enhancement might be
used to enhance the fluorescence efficiency of molecules
functionalized on the surface of nanoparticles.71

Let us first consider the chain when the distance between
the particles is d ) 200 nm, Figure 2. The scattering efficiency
spectra for s and p linear polarized electromagnetic wave are
shown in Figure 2a,b. Dashed line represents the scattering
efficiency of a single R ) 25 nm silver nanoparticle, when no
coupling is present in the system. We skipped a few angles of
the incidence for the sake of clarity of the plot. A change in the
angle of the incidence of the electromagnetic wave causes a
nonmonotonic shift and broadening of the collective SPR band,
Figure 2a,b.

The collective SPR wavelength is approximately the same
for both s and p polarization of the incident wave at normal
incidence (θ ) 0°), λSPR ≈ 425 nm, as shown in Figure 2c.
Initially, the increase of the angle of the incidence leads to a
red shift of the collective SPR wavelength for both s and p
polarization of the incident light. The red shift for the s-polarized
electromagnetic wave is ∆λSPR ) 13 nm (from λSPR 425 nm to
λSPR ) 438 nm) and ∆λSPR )10 nm (from λSPR 425 nm to λSPR

) 435 nm) for the p-polarized electromagnetic wave, Figure
2c. An increase of the angle of the incidence larger than θ )
25° leads to a blue shift which follows the red one for both s
and p polarization of the incident light. This shifts the collective
SPR wavelength to λSPR ) 428 nm at the incident angle θ )
45° for the s-polarized electromagnetic wave and to λSPR ) 431
nm at the incident angle θ ) 60° for the p-polarized electro-
magnetic wave. Further increase of the angle of the incidence
leads to a red shift for both s- and p-polarized electromagnetic
waves which results in λSPR ) 435 nm for both polarizations of
the incoming light. There are fives angles of the incidence of
the incoming light where the wavelength of the collective SPR
is the same for both polarizations of the incoming light, that is,
when the chain becomes isotropic with respect to the linear
polarized electromagnetic wave: θ ) 9°, λSPR ) 426 nm; θ )
17°, λSPR ) 428 nm; θ ) 35°, λSPR ) 435 nm; θ ) 66°, λSPR )
423 nm; θ ) 90°, λSPR ) 435 nm. The maximum range of tuning
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Figure 1. Chain of spherical nanoparticles illuminated by a linear
polarized electromagnetic wave with two mutually perpendicular
polarizations Es and Ep.
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of the SPR wavelength is ∆λSPR ) 13 nm for s polarization
and ∆λSPR ) 9 nm for p polarization of the incident electro-
magnetic wave.

Figure 2d shows the bandwidth of the collective SPR of the
chain as a function of the angle of the incidence. At normal
incidence (θ ) 0°), the bandwidth Γ of the SPR differs for s
and p polarization Γs ) 25 nm and Γp ) 42 nm. Increase of the
angle of the incidence narrows the SPR band for both s and p
polarizations of the incident light as shown in Figure 2b. The
increase of the angle of the incidence larger than θ ) 20°
broadens the collective SPR band for both polarizations. The
broadening extends to Γ ) 69 nm at θ ) 41° for s polarization
of the incident light and to Γ ) 56 nm at θ ) 68° for p
polarization of the incident light. At the angle of the incidence
θ ) 27° both s and p polarization have the same bandwidth. At
the grazing angle θ ) 90° both p polarization and s polarization
of the incident light have the same bandwidth Γ ) 42 nm. The
maximum range of change of the width of collective SPR
resonance is ∆Γs ) 47.5 nm and ∆Γp ) 20 nm. The minimum
bandwidth Γs ) 23 nm is observed at θ ) 16°.

The analysis of the far-field radiative coupling between
regularly arranged nanoparticle arrays using Hertz-vector rep-
resentations indicates two different coupling regimes between
the particles: radiative plane waves and evanescent coupling.72,73

The transition between radiative and evanescent coupling occurs
when the in-plane wave vector of the incident electromagnetic
wave crosses the light circle |k|| ) k in the Fourier-series
representation.72 This marks different grating orders within the
lattice array. When the coupling becomes radiative, the damping
increases, which leads to an increase of the bandwidth of the
collective SPR mode.72 The evanescent coupling red-shifts the
SPR band, and the transition to the radiative coupling blue-
shifts the collective SPR wavelength.73 Thus, the nonmonotonic
shift and broadening of the SPR band in the array of silver
nanoparticles is caused by different coupling regimes between
the particles.74,75 Once the collective SPR mode becomes
evanescent, its wavelength undergoes a red shift. The shift in

the opposite direction occurs when the collective SPR mode
switches to radiative coupling. The transition from radiative to
evanescent nature of the collective SPR mode can be interpreted
as the change of the grating order of the chain.74 This effect
should be observed in two-dimensional arrays of nanoparticles,
but the quantitative shift and broadening should be of different
magnitude.69 A nonmonotonic shift of the SPR band was
noticed, though as a minor effect in a recent theoretical
publication.60 The shift was small because the authors did not
reach the first grating order where the particles interact
strongly.60

Let us increase the distance between the particles up to d )
250 nm and consider the evolution of the scattering efficiency
of the chain as a function of the angle of incidence of the
electromagnetic wave, Figure 3a,b. The dependence of the
scattering efficiency on the angle of the incidence reveals itself
slightly different from the case d ) 200 nm, Figure 2a,b. The
SPR wavelength is different for s polarization (λSPR ) 432 nm)
and for p polarization (λSPR ) 427 nm) at the normal incidence
θ ) 0°, Figure 3e. When the angle of the incidence increases,
we observe a red shift for both s and p polarization of the
incident light, Figure 3c. At the angle θ ) 17°, we observe an
isotropic response of the system; that is, both s and p
polarizations have the same SPR wavelength λSPR ) 430 nm.
Following the red shift, the SPR band blue-shifts at the angle
of the incidence θ ) 10° for s-polarized electromagnetic wave
and at θ ) 25° for p-polarized electromagnetic wave. The SPR
wavelength reverses the shift to the red part of the spectrum at
the angle θ ) 30° for s-polarized and at θ ) 40° for the
p-polarized electromagnetic wave, Figure 3c. The maximum
range of tuning of the SPR wavelength is ∆λSPR ) 12 nm for
s polarization and ∆λSPR ) 10 nm for p polarization, which is
very close to the previous case, d ) 200 nm.

The angle dependent SPR bandwidth exhibits a similar
evolution as in the case of d ) 200 nm; compare Figure 3d and
Figure 2d. The maximum range of the change of the width of
the collective SPR band is ∆Γs ) 30 nm and ∆Γp ) 15 nm,

Figure 2. Scattering of a linear polarized electromagnetic wave by a chain of spherical silver nanoparticles. The distance between the particles in
the chain is d ) 200 nm. The dashed line represents the scattering efficiency of a single spherical nanoparticle. (a) Scattering efficiency (normalized
scattering cross section) for s-polarized electromagnetic wave as a function of the wavelength and the angle of the incidence θ. (b) Scattering
efficiency for p-polarized electromagnetic wave. (c) Collective SPR wavelength λSPR as a function of the incident angle for s- and p-polarized
electromagnetic fields. (d) Bandwidth of the collective SPR as a function of the incident angle for s- and p-polarized electromagnetic fields.
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which is significantly lower than for the distance d-200 nm.
The minimum bandwidth Γs ) 21 nm is observed at normal
incidence θ ) 0°.

The nonmonotonic shift of the collective SPR band in a chain
of noble metal nanoparticles coupled through far-field radiation
was observed experimentally52,69,76 and theoretically77 as a
function of the distance between the particles in the chain and
the polarization of the incident light.42 The nonmonotonic shift
of the collective SPR band was rationalized by different strength
of the coupling dipole for mutually orthogonal polarizations of
the excitation light78,79 and different gating orders which result

from evanescent and radiative coupling between the particles
in the chain.75 In addition, the nonmonotonic shift of the coupled
SPR band was observed for varying number of the particles in
a chain.70

Finally, let us consider the distance between the particles in
the chain d ) 300 nm, Figure 4a,b. At normal incidence θ )
0°, we observe the collective SPR wavelength λSPR ) 446 nm
for s and λSPR ) 431 nm for p-polarized electromagnetic wave,
Figure 4a. When the angle of the incidence increases, the SPR
wavelength blue-shifts for both s and p polarizations of the
incidence light, Figure 4c. At the angle of the incidence θ )

Figure 3. Scattering of a linear polarized electromagnetic wave by a chain of spherical silver nanoparticles. The distance between the particles in
the chain is d ) 250 nm. The dashed line represents the scattering efficiency of a single spherical nanoparticle. (a) Scattering efficiency (normalized
scattering cross section) for s-polarized electromagnetic wave as a function of the wavelength and the angle of the incidence θ. (b) Scattering
efficiency for p-polarized electromagnetic wave. (c) Collective SPR wavelength λSPR as a function of the incident angle for s- and p-polarized
electromagnetic fields. (d) Bandwidth of the collective SPR as a function of the incident angle for s- and p-polarized electromagnetic fields.

Figure 4. Scattering of a linear polarized electromagnetic wave by a chain of spherical silver nanoparticles. The distance between the particles in
the chain is d ) 300 nm. The dashed line represents the scattering efficiency of a single spherical nanoparticle. (a) Scattering efficiency (normalized
scattering cross section) for s-polarized electromagnetic wave as a function of the wavelength and the angle of the incidence θ. (b) Scattering
efficiency for p-polarized electromagnetic wave. (c) Collective SPR wavelength λSPR as a function of the incident angle for s- and p-polarized
electromagnetic fields. (d) Bandwidth of the collective SPR as a function of the incident angle for s- and p-polarized electromagnetic fields.
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30°, both s- and p-polarized SPR bands red-shift up to λSPR )
446 nm. At the grazing angle of the incidence θ ) 90° both s-
and p-polarized SPR bands degenerate into single wavelength
λSPR ) 445 nm. The maximum range of tuning of the SPR
wavelength is ∆λSPR ) 22 nm for s polarization and ∆λSPR )
18 nm for p polarization, which much larger than for both d )
200 nm and d ) 250 nm separations. The coupling between
the particles should weaken as the distance between the particle
increases. In contrast, we observe a stronger coupling at a larger
distance (d ) 300 nm) due to the resonance coupling between
the particles in the chain, because the distance between the
particles approaches that of the SPR wavelength of coupled
mode d ≈ λSPR/nhost,50 where nhost ) 1.5 is the index of refraction
of the embedding medium. The resonant electromagnetic
interaction between the particles in the chain leads to a stronger
coupling between the particles, which results in a larger tuning
range for the collective SPR mode. Figure 4d shows the
evolution of the bandwidth of the collective SPR mode
depending on the angle of the incidence of the electromagnetic
mode, when the distance between the particles is d ) 300 nm.
The maximum range of the change in the width of collective
SPR resonance is ∆Γs ) 10 nm and ∆Γp ) 6 nm.

Figure 5 summarizes the angle dependence of the collective
SPR wavelength for three distances between the particles in
the chain (d ) 200, 250, and 300 nm). Figure 5a shows the
dependence of the s-polarized electromagnetic wave as a
function of the angle on the incidence. The largest range of
tuning is observed for the distance d ) 300 nm, blue line in
Figure 5a, which indicates the strongest coupling between the
particles in the chain. Figure 5b shows the collective SPR
wavelength for p polarization of the incident light, again, with
the strongest coupling for the distance d ) 300 nm between
the particles in the chain. Stronger coupling between the particles
in the chain “smoothes” the variation in the bandwidth on the
collective SPR band when the distance between the particles
approaches d ) 300 nm, Figure 5e,d. Increase of the distance
between the particles in the chain larger than d ) 300 nm leads
to rapid weakening of the coupling between the particles and

finally to complete decoupling of the particles with the collective
SPR band close to that of a single nanoparticle.

4. Conclusions

The detail numerical analysis of the scattering efficiency of
a linear chain of spherical silver nanoparticles reveals a
nonmonotonic dependence of the SPR wavelength and its
bandwidth as a function on the angle of the incidence of the
linear polarized electromagnetic wave. Far-field electromagnetic
coupling between the particles in the chain leads to stronger
coupling and wider range of tuning of the SPR wavelength when
the distance between the particles approaches to that of the
wavelength of the collective SPR in the chain. Angle resolved
scattering spectra of a chain of metal nanoparticles provide an
additional degree of tuning of the collective SPR in a system
of electromagnetically coupled nanoparticles, which might be
used, e.g., for tuning of the SPR with molecular resonances in
a system of nanoparticles functionalized with target molecules.
The width of the collective SPR resonance strongly depends
on the coupling condition between the particles in the chain.
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